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Acoustic phenomena are considered in a porous medium made of a rigid matrix 
hollowed by a lattice of periodically distributed canals of arbitrary shape, the 
period of the lattice being small compared with the wave length. If dissipation 
phenomena are taken into account in the solution of the Navier-Stokes equations 
at the microscopic level, the averaged acoustic variables satisfy equations 
analogous to those of acoustics in a fictitious homogeneous dissipative (and 
possibly anisotropic) medium whose properties are described. Interface phenom- 
ena between such a medium and a free fluid are studied. As a result, the interface 
conditions for the averaged variables on the one hand and the free fluid variables 
on the other hand are the continuity of pressure and normal velocity. The 
acoustic impedance of the surface is not a constant. 
1. INTR~DuCTI~K 
Mathematical problems associated with acoustic oscillations in a gasfilled 
porous rigid medium have received attention since the publication of Rayleigh’s 
paper [I, Vol. 2, Sect. 3511 a century ago. The main open problem in this 
domain is the study of the appropriate boundary conditions to be imposed at the 
interface between such a medium and a free gas. Rayleigh studied the coupling 
between the two regions in the restricted case of a plane incident wave by 
imposing the continuity of pressure and normal velocity at the interface. Never- 
theless, it is sometimes assumed [2, Sect. AII; 3, Sect. 15.1 that the acoustic 
impedance of the surface is a constant and in consequence, the wave propagation 
in the free fluid can be studied without taking into account the physical process 
within the porous body. 
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In this paper we consider a model of a porous body with periodically distri- 
buted holes and apply the asymptotic method of homogenization of coefficients 
[4-71 to the preceding problem. We prove that the acoustic impedance is not 
constant but depends, for a genera1 problem, on the solution itself. The flows 
inside and outside the porous body are coupled and the appropriate interface 
conditions are the continuity of the averaged pressure and the normal a\-eraged 
velocity. It is to be noticed that our study is analogous to that of [S, 91 for the 
incompressible steady flow in a porous medium; but the results are very different 
because of the different framework and ordering in acoustics and incompressible 
flow theory. 
Sound is generated when the fluid in the porous medium is disturbed. Such 
disturbances affect the macroscopic variables which characterize the bulk flow of 
the fluid. 
At first, in Section 2, our task is to find the relationships between these 
variables, i.e., to obtain a formulation of acoustic laws in a porous medium. 
We consider, as in [g, 91, a model of a porous medium made of a solid hollowed 
by periodically distributed canals of characteristic length I small compared with 
L, the characteristic length of the macroscopic flow; the equations of oscillatory, 
small amplitude motion of .a compressible fluid in a rigid porous medium are 
obtained by asymptotic methods, with the assumption that Z/L tends to zero. 
In Section 3, we consider boundary conditions and we study the transition 
flow for an acoustic wave at the interface between the flow in a porous medium 
and the adjacent free flow. We conclude that acoustic phenomena are better 
described by coupled equations than by impedance conditions and we give 
some examples. 
We recall the well-known equations of ordinary acoustics. If we write 
Q = AV, 
P = P, + hP, 
p = PO + APT 
T = To + AT, 
with P/PO = O(l), p/p0 = O(l), T/To = O(l), and X < 1, the small fluctuations 
of velocity, pressure, density and temperature of a perfect fluid around the 
equilibrlum state V = 0, P = PO , p” == p. , T = To; satisfy the equations: 
(a~/&) + p. div V = 0, (1.1) 
(N/at) = -( 1 /po) grad P, (1.2) 
P = co2p, (1.3) 
P = R(Top + ~oTl> (1.4) 
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for a calorically ideal gas, where C,, is the sound velocity in the equilibrium 
state, and R the constant of ideal gases [lo]. In the problem studied here, we 
only consider time dependance of the form eiwt, we denote by L the characteristic 
length of the flow and by U a velocity of the same order as V. Then, the above 
equations are obtained from the general equations for the flow of a compressible, 
viscous, dissipative fluid with specific assumptions. The first equation is derived 
from the law of mass conservation if 
u = O(wL). 
The second one arises from the law of momentum conservation if, in addition, 
R, = poUL:‘p> 1, 
SIP = O(l), 
u2 = O(P,/$,) 
(CL and 5 are the viscosity coefficients of the fluid, p is called the dynamic 
viscosity). The last two equations are obtained from the law of energy conserva- 
tion and from the state equation [II], under the further condition 
k < p,,L%C, , 
where k is the conductivity of the fluid and C, its specific heat at constant 
volume; note that for a gas the Prandtl number &Jk (where C, is specific heat 
at constant pressure) is 0( 1) and that then this inequality is a consequence of the 
previous relations. 
If we introduce the dimensionless quantities r, = r/L, v = V/U, p = P/PO , 
F = PIP0 f 0 = T/T,, with U = wL, the dimensionless acoustic laws can be 
written 
ip + divLv = 0, (l-5) 
v = -K, grad, p, with K,, = -iP,,/p,,dL2, (1.6) 
P ==YP, with Y = C,lG 3 (1.7) 
p=p+e. U-8) 
2. ACOUSTIC LAWS IN A POROUS MEDIUM 
We consider an infinite porous medium made of periodically distributed 
parallelepiped cells Q, each containing a solid part Q, and a part L$ filled with a 
compressible, viscous, dissipative fluid (see Fig. 1). The characteristic length 
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FIGURE I 
of the cells !2 is denoted by 1, and if L is the characteristic length of macroscopic 
phenomena, we suppose l/L Q 1. We shall use the same notations as in Section 1; 
we wish to find the macroscopic equations (when the phenomena characteristic 
length is L) analogous to (1.1~(1.4), g overning the filtration of the fluid in the 
rigid porous medium when the time dependence is eiwt. First, we have to obtain 
the equations of the microscopic flow (where lengths are of the order I) with the 
usual hypothesis of acoustics. 
In the equations of ordinary acoustics there is a balance between inertia and 
pressure forces; viscosity effects, as well as the convective part of acceleration 
are neglected. In a porous body, the fluid is near the solid walls everywhere and 
viscosity effects may be as important as inertia effects; hence the equations of 
motion must be modified in a nontrivial manner. Our first aim is to find the 
appropriate orders of magnitude of the different terms in the motion equations 
associated with such a nontrivial modification. To this end it is necessary to take 
into account the presence of two small parameters: h, which measures the small- 
ness of perturbation, and Z/L, which measures the smallness of pores. 
We first consider a linearization process to obtain an acoustic approximation 
in our framework from the general gas dynamic equations. Then we undertake 
the homogenization process l/L -+ 0. An exact statement of this problem will be 
given at the end of this section. 
We must undertake an analysis similar to that done in Section 1 to obtain 
acoustic laws from the general equations for the motion of a compressible, 
viscous, dissipative Auid. We introduce the same dimensionsless quantities as in 
Section 1, except for distance because we are looking for phenomena arising in 
the microscopic flow, so we take for dimensionelss length rI = r/Z. 
The law of mass conservation can be written 
(d/U) ip + div, v = 0; 
since our aim is to find the laws of acoustics for macroscopic parameters, in our 
framework U = wL, as in Section 1, and so, under the limit process l/L --f 0, 
the previous relation becomes 
div, v = 0 
so the microscopic flow is incompressible. 
(2.1) 
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In dimensionless variables the law of momentum conservation is 
with 
iR,v + hR,(v . gradJ v = -(P,,l/c~tJ) gradlp + Azv, 
RR == po12w~cL and Rz = PJJ~cL. 
(2.2) 
(2.3) 
According to the general ideas for the study of fluid flow in a porous medium 
[8,9], in neighboring but different cells, the vector fields v will be approximately 
the same, and in the Z/L + 0 limit, we shall consider them equal; this amounts 
to saying that the local behavior is Q-periodic, but, of course, in two cells sepa- 
rated by a distance O(L), the flow is very different. Moreover, if v is Q-periodic, 
grad p is also O-periodic. But, this does not imply that p itself is Q-periodic. 
In fact, as is easily seen (see [8]), 
P - <gradp) . r, where 
1 * 
(gradp) = ___ 
meas Sz J 
grad p dr 
n 
is an Q-periodic function. From this and from the hypothesis that p changes by 
O(I) when r increases by O(L), that is to say, rz increases by O(L/Z), we see that 
grad, P = OVIL), P = O(l), (2.4) 
and in the given dimensionless scheme, which amounts to a dilatation of the 
little pores, the gradient of pressure is small. In our study of (2.2), the quadratic 
term must be neglected and the others must balance, so 
h Q R,lR, = lw/U or h << l/L, 
RR = O(l), u = P,P/L/.$ 
and (2.2) becomes to leading order 
iRRv = -gradzp(L/l) + A,v. (2.5) 
From this and the hypothesis of Q-periodicity for v we see that the vector 
fields v and grad p are completely determined in each Q-cell if the mean value 
of gradp in the cell is given (see Appendix for the modifications to be introduced 
in the general study of [S, 91 in order to take into account the new complex 
inertia term in (2.5)). Moreover, the mean value of v satisfies a Darcy’s law, 
that is to say, there is a complex constant K* (which could be symmetric 
tensorial) such that the mean value of v in the cell is given by 
or 
(v> = -K*(gradz p) L/l = -K*(gradL p) 
<v> = -K* gradL(p). 
(2.6) 
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In our framework A, = O(l), so that the real and imaginary parts of K* are 
of the same order, but as a result of the standard techniques of perturbation 
theory for elliptic equations [ 121 it may be proved that the complex permeability 
constant K* depends continuously on R, (that is to say on the frequency) and 
becomes in the R, + 0 limit the classical real permeability for steady flow. 
We have proved the existence of a Darcy’s law for unsteady motion in the 
special case of an exponential time dependence; the usual empiric Darcy’s 
law for unsteady flows [ 13, 141 is a particular form of (2.6). 
The law of energy conservation gives, in dimensionless parameters, for a 
calorically ideal gas: 
with the only additional assumption: 
4 = k/powPC,, = O( 1 ), (2.8) 
although, as in Section 1, we may notice that for a gas the Prandtl number is 
O(1) and therefore the previous relation is a consequence of the assumption 
R, = O(1). 
Moreover it is straightforward to obtain from the state equation: 
p=p+e. (2.9) 
Let us now study the properties of the appropriate solutions of (2.7), (2.9). 
Strictly speaking, the function 0 is defined on the solid as well as the fluid part 
of the cell 52; nevertheless, in most practical applications it suffices to consider 0 
as a function defined on the fluid region Sz, of the cell with the boundary condi- 
tion 
eIs=o (2.10) 
on the solid wall. In fact, the specific heats of the solid and the gas are of the 
same order but the gas density is much smaller than the solid density. Then, the 
heat transfer across S will not modify the temperature state of the solid. 
Let us consider (2.7), (2.9) as a system for the unknowns 0 and j5 when p is 
given. By writing it in the form 
-AA&’ + zjd = i@ - 1) p, (2.11) 
js=p-e, (2.12) 
and taking into account (2.4) we see that, for the study on an Q-cell or a small 
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number of adjacent Q-cells, p can be considered as a constant. On the other hand, 
the 0 function must be Q-periodic (note that the weaker hypothesis of Q-periodic 
gradient implies the periodicity of 0 itself by virtue of (2.10). It is then easy 
to prove that B and p are well determined by the (constant) value of p. 
In fact, in the general framework of Hilbert space theory for elliptic boundary 
value problems (cf. [12, Chap. 11) 1 e us introduce the space H of the Q-periodic t 
functions defined on Qf and satisfying the boundary condition (2.10) with the 
scalar product (” denotes the complex conjugate) 
If 0 and 4 are functions of H, the right-hand side of the Green identity 
vanishes because of (2.10) and of the Q-periodicity; as a consequence, multi- 
plying (2.11) by a test function g of H, this equation becomes 
lJ d7. 
f 
(2.13) 
Reciprocally, if B is an element of H such that (2.13) is satisfied for any test 
function $ of H, 0 is Q-periodic and satisfies (2.10) and (2.11). But the left-hand 
side of (2.13) is a sesquilinear form on H x H and the right-hand side an 
antilinear form on H. Moreover, by taking 4 = 8 in (2.13) the left-hand side 
becomes 
and the sesquilinear form is coercive on H. The existence and uniqueness of 
0 are then given by the Lax-Milgram lemma. 6 is of course proportional to the 
(constant) value of p. In particular, there is a well-determined complex constant 
li’ of order unity such that the mean value 
(with 0 = 0 in fin,) 
of 0 on the cell D will be k’ times the constant p (which is of course equal to its 
mean value in Q): 
(e) = k’(p). (2.14) 
409j61 ‘3-17 
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It is easy to see that the real and imaginary parts of K’ are different from zero. 
By taking # = 8 in (2.13) we have 
j,, (A 11 g I2 + iy j 0 12) & = +i(y - 1) [($)I2 k’ meas Q 
j J 
and the real and imaginary parts of k’ are greater than zero. 
Coming back to (2.12) it is clear that (the constant) p completely determines ji, 
and taking jj = 0 in Q, , the mean value of p in Q 
is such that 
<rs) = n(P) - (6, 
meas s2, 
7r = meas 52 ’ 
(2.15) 
where the constant n is the porosity of the medium. From (2.14) and (2.15) we 
can write 
<P> = (n - k’) (Pi (2.16) 
and it will be noticed that the constant C* = (n - k’)-lj2 may be considered as a 
“dimensionless speed of propagation ” in the macroscopic phenomena, and the 
imaginary part of this constant is different from zero unless A = 0 that is to say, 
if there is no thermal resistivity. Then, in the following we shall use (2.16) in the 
form 
{p) = c*yp>. (2.17) 
In the particular model of a porous medium represented by a bundle of capil- 
laries [14] give the frequency dependence of the complex compressibility. 
It is to be noticed that the “speed of propagation” is not very meaningful for 
processes depending on time by mean of the function eiwt. In fact, the nonreal 
character of C* has an influence on the spatial damping of waves. Another 
reason for this damping is viscous dissipation (K* is not purely imaginary) 
as can be seen from Eq. (2.23) and the examples of Section 3.2. 
The macroscopic flow yields Eqs. (2.6), (2.15), (2.17); a further equation is 
required which arises from the mass conservation law. Let us consider a volume 
D with dimensions O(L) consisting of cells Q (see Fig. 2). If Df is the part of D 
filled with fluid, we can write 
r 
* dr + p. j 
‘D, at 
div V dr = 0 
D f 
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aD, , the boundary of Df , is a part of aD, the boundary of D, and the boundaries 
S of all the solid parts Q, of the cells included in D. With the previous notations 
the last relation implies 
iw lD <fQ dr + U IaD Xv> *n da = 0; 
1 
FIGURE 2 
indeed 
and 
v-ndo= 
s 
(v) . n do 
aD 
(because the filtration velocity is equal to (v), see [8, 91 and the Appendix), so 
&o(p) + U div(v) = 0 
or, by putting, as in (2.6), r, = r/L: 
i(p) + div,(v) = 0 (2.18) 
for the equation in dimensionless terms. 
Acoustics in a porous medium is then determined by Eqs. (2.6), (2.15), (2.17), 
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(2.1 S), that is to say, by equations analogous to (1.5), (1 Xi), (1.7), (1.8) for an 
equivalent free gas with 
but for this fictitious free gas the ratio between veQ and gradLpeq is a complex 
quantity instead of an imaginary one and the dimensionless sound velocity is a 
complex C* instead of y. 
In the dimensional form of Section 1, in order to obtain the equations for the 
porous medium it suffices to divide R by the porosity r and to take for C,,2 and pO in 
(1.2) complex constants depending on the frequency and on the very structure of the 
medium. The latter is of course a complex symmetric tensorial operator if the 
structure of the medium is not isotropic. These equations in dimensional form 
are 
iw(p) + p,, div(V) = 0, (2.19) 
(Vi :.= -K grad(P>,, with K = K*(l”,/p), (2.20) 
(I’> = (R/T) [To+:> + ~u<T)l, (2.21) 
(P) -1 c?(p), with C” = C”‘L(P,;p,), (2.22) 
which leads to the “wave equation” 
(iw/pJ?) (P) = KA(P); (2.23) 
obviously in the anisotropic case (2.20) and (2.23) become 
It is convenient to state the mathematical homogenization problem which 
has been studied. Let us consider the fundamental cell independent of 1, similar 
to that of Fig. 1, periodically reproduced in R”. Let gpl be the domain of R3 
consisting of the “fluid parts” of the cells of the periodic lattice. 
The fluid domain gpl dependent on the parameter 2 will be defined b! 
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\I’e consider in B, the following system of equations: 
iwp $ pO div V = 0, (2.24) 
iwpOV = -grad P +- pAV -:- (5 $ p) grad div V, (2.25) 
(iwC,.TO~PO) (PpO - ypP,) = +kAT, (2.26) 
P = WTo + Tpo), (2.27) 
where the constants p, 6, and k depend on the only variable parameter 1 in the 
following manner 
p = /zp,wl”, (2.28) 
E = cPpow~2, (2.29) 
k = kp,wC,,l’. (2.30) 
Boundary conditions are the vanishing of V and T on the boundary of YL . 
The homogenization problem is the study of the limit process Id 0 which 
leads to Eqs. (2.19)-(2.22). 
We can also study problems where the fluid domain has a more complicated 
structure. For example, the fluid may fill the pores of a porous medium B and 
the outside of B. Precisely, let B be a domain of R3 independent of I; we consider 
equations (2.24)-(2.27) in the fluid domain: 
;YIB = (B CJ .4,) u (R3\B). 
In the limit process I + 0, Eqs. (2.24)-(2.30) become in R3\\B, (I .l)-( I .4), and 
in B, (2.19)-(2.22). 
In Section 3 we study the interface conditions to be satisfied at the boundary 
of B. 
3. INTERFACE CONDITIONS BETWEEN A POROUS MEDIUM AND A FREE FLUID 
3.1. Study of the Interface Problem 
The analogy of the preceding section suggests that the interface conditions 
to be imposed are the classical ones for a discontinuity of the medium [lo, 
Sect. 651, namely, the continuity of pressure and the normal component of 
velocity, that is to say 
(P> = p, (3.1) 
(V)*n=V-n, (3.2) 
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which in the anisotropic case can be written 
The validity of (3.1) and (3.2) can be established in a first approximation for 
E/L + 0 by applying the momentum and continuity equations to a control 
volume around the boundary as in [9, Sect. 31. Nevertheless, we shall study in 
detail the flow structure in the vicinity of the interface and give an existence and 
uniqueness theorem for the flow boundary value problem. 
By using the standard technique illustrated in [8, Sect. 8; 9, Sect. 41, it is 
possible to consider in the vicinity of the boundary I’ the geometric structure 
and the flow as B-periodic for a certain “infinite prism” B normal to r, the 
normal section of which is of order 1. Moreover, the relevant equations in B are 
(2.1) and (2.5) because the ordering is the same as in the Q-cell flow. (see the 
end of this section for temperature 0). Let u be the mean value of grad,p in an 
Q-cell near r (“near” in the L-variable sense). It is clear that the free flow in 
the vicinity of I’behaves as a constant state (constant when r increases by O(Z)). 
By taking the yr , yz , ys axis of Fig. 3, the matching interface problem reads: 
PROBLEM. Has the (2.1), (2.5) system B-periodic solutions v and grad,p 
such that v is null on S and binding the Q-periodic state associated with a for 
y3 - -co with a constant state for ys --f + co ? 
Let us suppose there is a solution to this problem. In the following for the 
sake of simplicity, we shall call the gradient term in (2.5) grad,p as in (2.6). 
@ Al I-- 
*3 
y1 
*2 
FIGURE 3 
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Let us consider the circulation of grad,p on a closed circuit such as A, , A, , 
J, , A, (see Fig. 3). This circulation is evidently null, and because of the 
B-periodicity, the integrals along the vertical parts cancel out and, after the 
limit process A, , A,, - +co, we have: 
JAA‘ gradLp . dr L= JAY grad,p I+m . dr 
1 
But in the left-hand side of this equation we can replace grad,p by a because 
grad, p - a 
is the gradient of the Q-periodic function p - a . r, and we find (Greek indices 
are for the tangential components 1, 2): 
kra4 ~1~ L = aB j p = 1,2. (3.3) 
Moreover, by applying the divergence theorem to the B-prism and taking 
into account the “microscopic incompressibility” (2.1) and the B-periodicity 
of v, we have (let us recall that (v> is a surface average as well as a volume 
average; cf. Appendix) 
Let us now write Eq. (2.5) for the constant fco state: 
i&v I+, = -(gra&p)l+, 
which, by virtue of (3.3), (3.4) gives 
vl3 l+m = (i/&d aB , B = 1,z 
(graQp)S I+m = --i&dv3X, . 
(3.5) 
(3.6) 
We have thus proved the “necessary” part of the following. 
PROPOSITION. The necessary and suficient condition for the problem to have 
one and only one solution is that the states for y3 + =F CO be related by (3.3)-(3.6). 
Incidentally, we have proved that the constant a uniquely determines the 
states at y = F:oo in a B-prism. 
Remark. The relations (3.3)-(3.6) are essentially equivalent to the interface 
conditions (3.1), (3.2). In fact, (3.4) is (3.2). (3.3) implies (3.1) up to an additive 
constant, This constant is negligibly small in the first approximation because the 
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effective thickness of the interface is O(Z) and grad, p is of order unity throughout 
it. In fact, 
(p) =p + O(Z/L) on r. 
As for (3.5), (3.6), they are merely a consequence of the acoustic equations in 
the free fluid. 
The “sufficient” part of our proposition is an existence and uniqueness 
theorem. We shall give an outline of its proof. 
For a given a, that is to say, for given states at y3 = F co, let us consider the 
auxiliary functions a and b, defined as follows: a is a B-periodic divergence-free 
vector field, equal to the Q-periodic vector field associated with a in the porous 
medium (for ya(c, c) 0, say) and equal to the constant v j+ai for sufficiently 
great ya (for ya > n, say). b is the function 
We consider the new unknowns w and 4 defined by 
w=v-a, 
q=p-bb; 
they must be B-periodic functions satisfying 
iR,w - A,w -t gradL q = f, 
where 
(3.7) 
f = iR,a - A,a + gradL b (3.8) 
div, w = 0, w 1s = 0, (3.9) 
w ---f 0, if ya+Ifco (3.10) 
(note that conditions at infinity for q are consequences of (3.7) and (3.10) which 
are automatically satisfied by virtue of (3.3)-(3.6). 
Under the new form the existence and uniqueness of the solution are easily 
established by the classical techniques of Hilbert spaces. (cf. Appendix for an 
example of an analogous proof). The only nonstandard point of the proof is to 
prove that the right-hand side of (3.7) . is associated to a bounded functional on 
the Hilbert space of functions of finite energy; more specifically, that there 
exists a finite constant K such that 
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where N denotes the complex conjugate and w is any vector function of a dense 
set of the space of energy (for instance, the set of smooth vector functions null 
for j y3 1 sufficiently great). 
To establish (3.11) we shall decompose B into three regions, {ya > d}, 
{c < y < d}, {y < c} which will be denoted by B, , B, , B, , respectively. It is 
then sufficient to prove inequalities of the type (3.11) with B, , B, , B, , instead 
of B in the left-hand side. 
The inequality in B, is clearly a consequence of the Schwarz inequality. In 
B, , f is a constant vector of the direction ys (cf. (3.8)). Let us then use the 
divergence theorem by taking into account (3.9), the B-periodicity, and the fact 
that w is null for sufficiently great ya We obtain 
and the corresponding inequality (3.11) is a consequence of the trace theorem in 
Sobolev spaces [IZ]. Let us now consider the integral on B, . By (3.8), f is 
Q-periodic and equal on B, to the gradient of a certain function F. Moreover, the 
mean value (f) of f in Q is a vector parallel toys . Because 
F - (gradf) . r 
is an Q-periodic function (cf. [5, Sect. 2.1]), F is B periodic. On the other hand, 
F is obviously locally in the Sobolev space W’al (cf. [15, Chap. 21). We then 
have, as in the B, region: 
and the estimate (3.11) follows again from the trace theorem. 
Let us remark that the temperature 0 has not been considered in the preceding 
discussion. For the same reason as in Section 2, 0 must satisfy the decoupled 
equation (2.11) where p can be considered constant, for example, p I+m . More- 
over, 6’ must be B-periodic and tend to the constant 
((7 - 1) P l+m/Y> 
as y3 -+ +CO and to the Q-periodic state associated to the constant p I+* (or 
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to P l--m 9 which amounts to the same) for ya -+ --co. The existence and uni- 
queness of a solution of this problem are immediately proved. 
It appears that the two flows at the interface of a porous medium, the JEow in the 
free space governed by Eqs. (l.l)-(1.4) and th e $ ow in the porous medium governed 
by Eqs. (2.19)-(2.22) are coupled by the boundary conditions (3.1), (3.2). So, it 
cannot be possible in our framework to describe the behavior of the interface r 
between a porous medium and the freejlow by an impedance condition [2, Sect A II; 
3, Sect. 15.41. This assertion agrees with Rayleigh’s study in the case of a normal 
plane wave and a more specific model of porous medium [l, Vol. 2, Sect. 3511. 
3.2. ,rlpplication 
We now consider the most simple problem: A gas, with Prandtl number O(l), 
fills the half free space x < 0 and the half space x > 0 is occupied by a porous 
medium, the pores of which have characteristic length O(Z). The fluid is disturbed 
from the equilibrium state, 0 = 0, P == P,, , p” = p0 , p = T, = PJRp,, , with 
the time dependence eiwt. If p,,Z2w/~ = 0 1 ( ) , that is to say with the previous 
notations R, -= 0( 1) and and if UP/P,, < 1, we are in the framework of Sections 1 
and 2, the characteristic length of the macroscopic phenomena will be 
L = Z(P,,/W~)~/~, and we can then study disturbances with amplitude h <l/L. 
We assume that an incident plane wave arises from -00 and travels in the posi- 
tive x direction in the xz plane, the incident pressure in the half space s < 0 will 
then be given by 
piJwte-ikh,r+n,z) = pieiwte-ikwr 
where k = w/C,, , and n, , 0, n, , the direction cosines of the direction of pro- 
pagation n (cf. [3, Chap. 161). In the free space in front of the porous medium, 
the pressure verifies the wave equation 
-w2P = @P/at2 = C$AP 
derived from Eqs. (l.l)-(1.4). The solution of the wave equation for the free 
space is given by the real part of 
p = pie&de-ikn*r + ppiw$-ikn*.r. (3.12) 
n’ will be the direction of propagation of the reflected wave, with direction 
* ! I I cosmes n x , n 21 , 71 z . In the porous medium, Eqs. (2.19), (2.20), (2.21), (2.22) 
are satisfied by the gas motion. We suppose the porous medium homogeneous 
and isotropic so that the permeability K is a scalar complex constant, and the 
mean pressure (P) is solution of the equation 
iw(P)/p,J2K = A(P), 
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which may be represented by the real part of 
with 
(3.13) 
h,‘J + h,” + hs2 = iwlp,C2K. (3.14) 
From Section 2, at the interfaces x = 0 between the free flow and the flow in 
the porous medium the following boundary conditions occur, namely, 
and 
P ~LO = (P>13.-=” (from (3.1)) (3.15) 
Jfz IL!=0 = (~7%>ir=” (from (3.2)). 
Taking Eqs. (1.2) and (2.20) into account, the latter relation can be written 
(dP,W) @w~)!,4 = -K(a(P)/ax)/,,o. (3.16) 
Conditions (3.15) and (3.16) can only be satisfied for all values of y and z if 
n’ I = h, = 0, 
n’, = ?zZ , h, = -iknl . 
Since n’, = n, , we have n’* = -n,; the reflected pressure travels in the same 
z direction as the incident pressure, but it travels from the plane x = 0 in the 
opposite direction from the incident wave as usual. 
Then (3.15) and (3.16) give the relations 
(3.17) 
(3.18) 
On the other hand, by virtue of the preceding results (3.14) becomes 
h12 = (ico/poC2K) + (w”/Coz) nz2. (3.19) 
There are two opposite complex solutions 
h, = +(Y + if9, y >, 0, 
and (3.19) proves that y is really different from zero. 
Moreover, an increase of (P) when x grows to +CO is unacceptable, so the 
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solution for (P) in x > 0 is (P) = PReiWte-~~~e-i(S~+%n~~) with y > 0, while in 
the free half space x < 0, 
p _= (pie--i7An,s+n,d + pre-ik(-n,c+n,z)) eiw’, 
with P, and PR given by (3.17) and (3.18). The refracted wave in the porous 
medium is no longer homogeneous as in homogeneous media [3, Chap. 151. This 
wave propagates without attenuation along the boundary surface, but its 
strength decreases perpendicularly to it. Since 
y2 = O((w/p,C2K) + (W”/C”Z)) = 0(1/P) 
the refracted wave is noticeable only within a distance of order O(L) from the 
boundary surface. Taking into account the relation 
k2 = d/Co2 = O(l/L2), 
the refracted wave is noticeable only within a distance of a few wavelengths 
of the incident wave from the boundary surface and, from this point of view, 
an analogy between the problem under consideration and the total reflection 
of light arises [16]. Rayleigh [l] f ound an analogous situation with a medium 
perforated by a great number of similar narrow channels. 
Furthermore, it is clear that the determination of the motion of the gas in 
the half free space x < 0 cannot be done without the study of the motion in the 
porous medium x > 0. The two motions are coupled by the boundary condi- 
tions (3.15) and (3.16). 
3.3. An Existence and Uniqueness Theorem for the Macroscopic Field 
It is easy to see that the Helmholtz equation (2.23) with the boundary condi- 
tions (3.1), (3.2) leads to well-posed problems, as in the case where K and C2 
are real. More precisely, let us consider, as in [17], a porous bounded body B 
of surface r immersed in a homogeneous fluid. The acoustic phenomena will be 
governed by the equation 
EAu + mu= f, (3.20) 
where f is a function with compact support representing the source term; x and 
m take different values inside and outside r (ff is of course a purely imaginary 
negative constant outside P). Equation (3.20) should be put together with the 
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interface conditions (3.1) (3.2) and th e radiation condition at infinity, namely, 
[u] = 0 on r, (3.21) 
[ I Kg =o on C (3.22) 
au 
5 + bu = O(r-“) as Y--t cc, (3.23) 
where the brackets are for “discontinuity” and v2 is the value of rnx-l in the 
outer region. 
The proof of the existence and uniqueness of the solution of [17] holds for the 
problem (3.20)-(3.23), that is to say, for K and m complex. In fact, the solution 
is given by the sum of a single-layer potential on r and a volume potential on B, 
the Fredholm alternative works and it is sufficient to prove the uniqueness of 
the solution, Then, let u and 22 be a solution of the homogeneous equation 
associated to (3.20) and to its conjugate: 
KAu f mu = 0, 206 + +zfi = 0. (3.24) 
Let us consider the expansion 
i [(KAu + mu) ii - (I?Az? + 517) u] dT = 0, 
“?-CR 
where R is an arbitrary (large) number. By integrating by parts, it is seen that 
the surface integrals on r vanish by virtue of (3.21), (3.22) and we have 
(3.25) 
’ d7 - f (m - fi) j u Iz d7. 
‘r<R 
The right-hand side (3.25) is purely imaginary; as for the left-hand side, it 
reads 
(265/k) K, 
where @ stands for the energy flux coming from infinity (which is <O by virtue 
of the radiation condition (3.23) (cf. [18]) and x is the imaginary value of R 
in the outer region. We infer that @ = 0 and then that u = 0 as a consequence 
of the classical properties of the solutions of the Helmholtz equation. 
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4. CONCLUSION 
We studied acoustic phenomena in a porous medium as a small-parameter 
problem when the ratio l/L of the dimensions of the pores to the macroscopic 
characteristic length tends to zero. The fundamental hypothesis is that the 
dimensionless numbers R, and A defined by (2.3) and (2.8) are of order unity. 
This amounts to saying that in the microscopic flow in the pores, the dissipative 
terms of the Navier-Stokes equations are of the same order as the other “acoustic 
terms.” 
Under these hypotheses the equations and interface conditions for the 
macroscopic (averaged) variables are (2.19)-(2.22) and (3.1), (3.2). They are 
very similar to those of ordinary acoustics but with complex (dissipative) 
“material” constants. Moreover, the constants K is tensorial if the geometrical 
arrangement of the pores is not isotropic. 
APPENDIX: PROOF AND PROPERTIES OF DARCY'S LAW 
Let us search for solutions of system (2.1), (2.5) with the boundary condition 
with v and grad p Q-periodic if the mean value u of gradl p(L/Z) in 52 is given. 
(It is to be noticed that u is the mean value in Sz after any extension of grad p to 
Qn,; u is independent of the extension, cf. [8, p. 771.) 
This study is essentially analogous to that of ([8] or [9, Sect. 7.21) with some 
differences because of the presence of the new complex term in R, . Let us 
consider the Hilbert space V of all Q-periodic irrotational vector v satisfying 
the boundary condition (A.l), with the scalar product 
(v, U>Y =1,, (g 2 $ + c Q,) dT, II u I$ = (u, u)v . (A.9 2 , k 
By multiplying (2.5) by a test function u of V and integrating by parts, taking 
into account (2.1) and the fact that 
C$ = p - a . r(l/L) 
is a periodic function, we arrive at the virtual works identity 
Inversely, if v is an element of V satisfying (A.3) for any test function, v 
is an Q-periodic solution of the problem (for the existence of + or p, the classical 
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decomposition of the L2 space in solenoidal and irrotational parts [15] is used) 
with a mean value of grad, p(L/Z). 
The existence and uniqueness of v are proved using the Lax-Milgram lemma 
as in Section 2. In particular, the mean value (v) of v in a, defined as in [S] 
or [9] (which is also the filtration velocity as a consequence of the incompressi- 
bility) is well determined, and, because of the linearity of the problem, there is a 
complex constant K* (of order unity, tensorial in general) such that 
(vj) = -K*jma, . (A.4) 
From this and (A.3) we also see that, in the case of a scalar permeability K*, 
its real (resp., imaginary) part is positive (resp. negative). The symmetry of the 
tensor K* is easily proved by taking in (A.3) ci = v(p), the Q-periodic solution 
associated with the given f3. The left-hand side of (A.3) is symmetric in a, p and 
the right-hand side 
- (meas Q) C ckLvk> (P) 
k 
is also symmetric, so that 
It is also easy to prove that the permeability tends to zero if the measure of J& 
tends to zero with Sz fixed. Let us consider a sequence of problems of the pre- 
ceding type with J&< domains 
!Sfi C S&j if i > j, 64.5) 
Then, for any fixed a, taking u = v in (A.3) we obtain 
Moreover, by estimating the left-hand side (resp. the right-hand side) with the 
Friedrichs (resp. Schwarz) inequality we find 
(A.7) 
where B is a constant depending only on Sr, 1. Because of (A.6), all the terms of 
(A.7) tend to zero as i- co and then, the right hand of (A.6) tends also to 
zero. Q.E.D. 
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